An Enriques surface over an algebraically closed field k of characteristic 4:2 is a non-singular projective surface S with H ~ (S, d~s)= H2(S, Cs)= 0 and 2Ks = 0. The unramitied double cover defined by Ks is a K3 surface R, a non-singular projective surface with Hi(R, d~R)=0 , KR =0.
Theorem 4. The following properties are equivalent: i) S contains a nodal curve. ii) S contains an elliptic pencil [P] and a nodal curve R such that PR = 2. iii) S contains an elliptic pencil with a reducible fiber. iv) S admits a morphism of degree two onto a cubic surface in p3.

The Enriques Lattice
We define the Enriques lattice to be the lattice = V~Es(-l), where U and Es(-1) denote, respectively, the even unimodular lattices of index of inertia (1, 1) and (0, 8).
This section describes some elementary properties of E. We will start by introducing some notations [Ma, Chap. IV] .
(1.I) Wc let (N,k,(., .) ) be the triple where xo N = Z 11= G Zli for a chosen basis li, k= (-3,1,.. 
.,1)~N,
(., .) is a bilinear form N x N-,Z given by the formulae io 2=1, 12=-1 ff i~l, ii'lj=0 if i~=j.
Then (N, (.,.) ) is a unimodular lattice of index of inertia (1, 10) and k 2 = -1. The orthogonal complement k I of k in N is a lattice of index of inertia (1, 9). It is even and unimodular hence isomorphic to the Enriques lattice, IS]. We let R={leN; l.k "-O, k2=-2}, l={l~N; l.k=k2 =-l}, P={leN; l. k=12=O}.
An element of R is called a root. The map l--,k+l defines a bijection of I to P. Finally, we introduce the following vectors of kl:
ei=-k+li for i_~l, d = 1010-3(It + ... + 11o), r~=li-li+l=et-e~+l for 1<i<9, re = lo --11 -12 --13 =d-el -e2-e3 , ei.j=d-e~-e~ and i~j and i,j>=l. ( 1.2) The vectors {rt} form a basis of k I such that r 2= -2 and ri'rj =0 or 1 according to whether r~ is joined to rj in the diagram 
ro
This diagram, usually denoted by T2.3. ~, defines a lattice Q2.3. ~, [Do 21, which is isomorphic to the Enriques lattice. The sublattice of Q2,3,7 generated by {r0, ..., rs} is isomorphic to Es(-1). Its orthogonal complement is generated by sl and s 2 where sl = 3r o + 2r 1 + 4r 2 + 6r 3 + 5r 4 + 4r 5 + 3r 6 + 2r7 + r 8 , S2=Sl'~r9, 2 2 -~-0 S 1 " 52= 1 S 1 = S 2 ,
We will identify k I and E by means of this orthogonal decomposition of Q2.3.7.
( 1.3) The following properties are immediately checked: i,j,k>l, i4:j, k4:i,j, (e~ ..... ~k ..... e~o, ei, j) is a basis of E.
The dual basis {b j} of {ri} is given by bo=d=el +e2 +eL2, bl =d-e~ =e 2 -I-el, 2 , b 2 =2d-e 1 -e 2 =e 1 +e 2 +2eL2, bi=ei+l+...+elo for i__>3.
(1.4) The linear map s,: E~E defined by s(x) = x + (xr)r for each r e E induces an orthogonal transformation of O(E) which is called the reflection about r. The Weft group of E is the subgroup W(E) of O(E) generated by the reflections about ri. The
Enriques lattice has the two following properties:
O(E) = W(E) x { ++_ 1 }, R is the set of s-translates of the r/s (s ~ W(E)).
The fundamental chamber C of E is the subset of L = E| defined by C=(xEL; x.ri>O for all i}.
The closure C of C in L is the convex polyhedral cone spanned by the vectors {b~}. We let H={x~L; x2>0}.
Then H is the disjoint union of two components H~ and H2 = -H1 where HI is the COmponent which contains the fundamental chamber.
The following result can be found in [Bo] . In particular, h 2 < 2~b(h) only if h = b 9 ~ H 1.
Remark. For every x ~ CtaE with x 2 < 10, q~(x) = 1 or 2 but for d in which case r = 3.
(1.6) A sequence (fl .... ,f,) of elements f~P (respectively I) is said to be exceptional if f~ .fj= 1 (respectively 0) for every i~=j. Note that p~ 10. Proof. This follows exactly from (1.3) and Lemmas 1.4.3 and 1.6.1.
Linear Systems on Enriques Surfaces
This section describes some basic properties of linear systems on Enriques surfaces. Proofs when omitted can be found in [Co 1].
S will always denote an Enriques surface over an algebraically closed field of characteristic oe 2. If L is an invertible sheaf or a divisor on S, IL[ will denote its associated complete linear system.
(2.1) Genus Formula. The arithmetic genus p~ of an irreducible curve C on S is given by C 2
In particular, C 2 > -2 and C is a nodal curve, i.e. a smooth irreducible rational curve, if and only if C a = -2. An Enriques surface which contains a nodal curve is said to be nodal, unnodal otherwise. Remarks. i) Every elliptic pencil IPI on S has exactly two multiple fibres. These are double fibres, 2E1 and 2E2, such that K~E1-E2 where "~" denotes linear equivalence. Moreover, El and E2 are smooth elliptic curves, rational curves with a node or divisors of type A n. We refer to [Mu] for the notion of divisor of canonical type and adopt Rudakov-Safarevic's convention of denoting an indecomposable divisor of canonical type by the corresponding Dynkin diagram, whenever possible.
ii) Conversely, for every indecomposable divisor of canonical type E on S, dimlE[ = 1 or diml2EI = 1. The reducibility of IP+ RI is proved in the next lemma. Remark. An Endques surface S with an elliptic pencil [PI and a nodal curve R such that PR = 2 is classically called an Enriques surface of special type. It will be shown in Sect. 4, that this notion coincides with the notion of nodal Enriques surface. 
Hi(S, (gs(-A)) " Hi(S, egO)).
Therefore, it is enough to prove the vanishing of Hi(S, (gs(-D) (2.8) Pic(S), NS(S), and Num(S) will denote, respectively, the Picard group, the Neron-Severi group and the group of divisors modulo numerical equivalence. It is well-known that NS (S) = Pic (S),
Moreover, the class of the canonical divisor is the only non-trivial torsion element of NS(S).
A fundamental result for this paper is the following theorem, [I]. 
The Picard Group of S
This section is devoted to some existence theorems of certain linear systems on S.
We first note that the following result of Enriques is an immediate consequence of Lemmas 1.4.2 and 2.9. Proof. This follows directly from Lemmas 2.9, 1.6.2, and Proposition 2.4 applied to any exceptional sequence of isotropic vectors of Num(S) of length 10.
Remark. In the notations of Theorem 3.2, #(A) = 3 and {A, El, ..., E lo} is a basis of Pie(S). The following obvious lemma will be used in the proof of Theorem 3.3:
Lemma 3.3.1. Let el, e2, e3 be three effective divisors on S such that [2elt is an elliptic pencil, e~ =0, e2e 3 = 1. Then ele2 =0 implies 12ed = 12e21. Proof. Since all primitive isotropic vectors of the Enriques lattice are equivalent under its orthogonal group, we can choose an exceptional sequence of isotroplC vectors of NS(S) of length 10, say (el, ...,elo ) such that E=el. By applying Theorem 3.3 to this sequence, we can assume that there exists chain of nodal curve R1 +... + R9 such that ER1 = 0 and ERi = 0 for i > 1. Let f be the fibre of [2El which contains R2 + ... -t-R9. Using the fact that rank (Num (S)) = 10, it is easy to see that fis of type Es, 2A8 or As. In all cases, we denote by R the component off which is distinct from R2 .... , Rg.
Assume f is of type Es: we obtain the following graph
Then g = 2R + R 1 + 2R 2 + 3R a + 4R4 + 3R5 + 2R6 + R 7 is a divisor of type E 7 such that Eg = 1. This is absurd since Igl is an elliptic pencil hence oE must be even [see
Assume f is of type 2A8: we obtain the following graph
R Then g = 2R 1 + 4R 2 + 3R 3 + 2R 4 + R s + 3R + 2R 9 + R 8 is a divisor of type E7 such that gR 7 = 1, a contradiction. Finally, if f is of type As, we obtain the following graph We will prove the theorem when p = 0. The patient reader could easily supply the details for the other cases.
So let p =0. By Lemma 1.6.2, there exists an effective divisor G such that G 2 =0 and defining the following graph: 
RR6=RE2=O.
In case i), g = 3R + 2R s + 4R 7 + 6R 6 + 5R 5 + 4R4 + 3Ra + 2R2 + R t is a divisor of type Es with gE2 = 1, a contradiction.
In case ii) we claim that RR 7 = RRs = 0. Otherwise, consider the fibre g of I2E~I which contains R+RI+ ... +Ra. Then g has at least 10 components hence rank (Num (S)) > 1 1, a contradiction. Therefore, RE1 = RE2 = RRi = 0 for i => 1 and changing G into G + (GR)R, we can conclude by induction on the degree of G with respect to a fix ample divisor on S. Remark. Defining 2(S) to be the maximum length of exceptional sequence of elliptic pencils on S, 2(S)<10 follows trivially from rank(Num(S))=10 and 2(S)>3 follows from Theorem 3.5. Theorem 3.2 implies that 2(S)= 10 if S is unnodal. It is also proved in [Co 2] that 2(S) = 10 for the generic nodal Enriques surface S. Proof. Same proof as in Proposition 3.6: one considers b0 instead of br
Nodal Enriques Surfaces
This section is devoted to the proof of the following: Before giving the proof of Theorem 4.1, let us define ~b(R) for every nodal curve g on S by 4(R) = Min {ER; 12El is an elliptic pencil}.
Lemma 4.1.1. ~b(R)= 0 for every nodal curve R on S.
Proof. Let R be a nodal curve on S. Assume ~b(R)> 2 and let [2El be an elliptic pencil with ER = 4(R). By Lemma 2.7, we can assume IE + R[ to be without fixed components. Since (E + R)2= 2(~(R)-1), Lemma 1.5 and (2.11) show that there exists an elliptical pencil I2F[ with
contradicting the definition of ~b(R).
In particular, if(R) < 2 so that we can assume ~b(R) = 1. We conclude by using the Remark following Proposition 3.4.
(4.12) Proof of Theorem 4.1. iii) ~ i) and iii) -4 ii) are obvious, ii) ~ iii) follows from the Remark following Proposition 3.4 hence we only need to prove that i) ~ ii) that is every nodal Enriques surface is of special type. Ab absurdo, we assume S to be nodal but not of special type. We fix a nodal curve R on S. By Lernma 4.1.1, we can choose an elliptic pencil 12El with ER = 0. By Proposition 3.4, there exists an elliptic pencil 12FI such that EF = 1. Consider the fibre f of 12El which contains R, since S is not of special type, it is clear that f contains a nodal curve R' (not necessarily equal to R) such that FR'= 2. The classification of hyperelliptic systems [see iii) and iv) of(2.12)] implies that there exist two elliptic pencils [2Ed and 12E21 with EIE 2 = 1 and IF+R'I = [El +E2I. Then FE1 =FE2 = 1 hence, by the Remark following Theorem 3.3, there exists an elliptic pencil I2E3I such that E3F =E3E1 = E3E2 = 1 hence E3R'= 1 contradicting our assumption.
Projective Models
This section proves the existence of certain projective models for Enriques surfaces or their associated K3 surfaces using the existence theorems of certain linear systems of Sect. 3.
(5.1) Notations. C will be an irreducible curve on S. The map associated to ICI will be denoted by Jlcl or simply f if there is no ambiguity: Q~ has four singular points of type A~. The branch locus of f is composed of the singular locus of Q1 and a curve B ~ [d~e,(2)l which does not intersect the singular locus of Ql and which has admissible singularities, i.e. singularities of type an, dn, en. Conversely, the minimal desingularization of Q1 branched along the singular locus of Q ~ and a curve B as described above is an Enriques surface S together with two elliptic pencils 12E11 and 12E21 such that EIE 2 = 1 and such that 12E1 +2E21 defines the covering map S--,Q~.
By Corollary 2.9 and Proposition 3.4, this construction yields all Enriques surfaces. Q2 has one singular point of type A3 and two singular points of type A1. The branch locus of f is composed of the singular locus of Q2 and a curve B 610e~(2)[ which does not intersect the singular locus of Q2 and has admissible singularities. Conversely, the minimal desingularization of a double cover of Q2 branched along the singular locus of Q2 and a curve B as described above is an Enriques surface S together with an elliptic pencil I2EI and a nodal curve R such that ER = 1 and such that 12(2E + R)I defines the covering map S~Q2.
This construction yields all Enriques surfaces of special type.
(5.3) Genus Three 
Proof of 2).
The type of ICI is defined by the number of elliptic pencils 12El such that EC = 2. In particular, I CI and [C + Ks[ are of the same type. Since type 1) and type 2) are considered in [Co 1, (7.8)], we will consider only the case when ICI and I C + Ksl are of type 3). Ab absurdo, let us assume that they are special. Let 12E11, R1, R2 (respectively 12F t I, $1, $2) be an elliptic pencil and some nodal curves such that C+KsI=[3FI+2SI+S2[, FtSI=StS2=I, Since 12E~ [ (respectively [2Ftl) is the only elliptic pencil 12El such that EC= 2 (respectively E(C+Ks)=2), it follows that 12ElI=I2F11 hence EI=Ft or E~=FI+K s.
Assume E~ = Ft. Then 2R~ + R2 ~ 2S~ + $2 -Ks hence Proof. To prove i) (respectively the first part of ii)), one applies Enriques-Artin theorem (see [L, Sect. 3] ) to a non-special non-hypereUiptic system of arithmetic genus 4 on S of type 1) (respectively 2)). Such a system exists by Corollary 2.9, Theorem 3.5 (respectively the Remark following Proposition 3.4 and (5.3.2)). The converse part of ii) follows from [L, Sect. 3].
(5.4) Genus Four (II) (5.4.1) We let c~ be a projection of Q = Q1 or Q2 from one of its smooth points. It is a cubic surface in F 3 projectively equivalent to one of the following cubics:
~3: x~ + x~x2 + x2x3xo = O.
The cubic surface ~i are characterized (among cubic surfaces) by their singular loci:
qr has four singular points of type At. ~r has one singular point of type A 3 and two singular points of type A1. ~3 has one singular point of type A1 and one singular point of type As. ~=~1 (respectively ~2,~3) will be called a non-degenerate (respectively degenerate) 4-nodal cubic.
Lemma 5.4.2. A non-hyperelliptic system ICI of arithmetic genus 4 on S is special if and only if ICI=[2M-AI for some irreducible pencil IMI of genus 2 and a fundamental cycle A of NM, excluding the case where (IMI, A) is of the form (12E + R + Ksl, R) for an elliptic pencil 12El and a nodal curve R such that ER = 1.
Proof. a) We will first prove that I2M-A I is a special non-hyperelliptic system of arithmetic genus 4 for every pencil IM[ of genus 2 and every fundamental cycle A of NM.
Let 12M -A I = INI + Z be the decomposition of 12M-A I into its moving part INI and its fixed part Z. Then 
Pieard Group of Enriques Surfaces
By the Hodge index theorem
M2N 2 < (MN) 2
Then and 593 hence MN=4, MZ=O.
= N(2M) = N(N + A + Z) gives N(A + Z) = 2
(N+A+Z) 2=8 gives (A+Z) 2=-2.
Since M(A + Z)=0 and since A is a fundamental cycle of NM, this implies that Z = 0: 12M-A I has no fixed component. Assume that 12M-AI is a non-special hyperelliptic system of genus 4 so that there exist two elliptic pencils 12El and 12FI such that EF=I and I2M-AI=I3E+FI.
Then
= M(2M) = M(E + F) + 2ME + MA and the Hodge index theorem implies that [M[ is numerically equivalent to IE + FI hence
IMI=I3E + F-M-AI,~I2E § AI
which contradicts the irreducibility of IMI and IM + Ks[. Assume that 12M-A] is a special hypereUiptic system of genus 4 so that there exist an elliptic pencil 12El and a nodal curve R with
As before one proves that [MI = 12E + R + Ks[, d = R.
This last case being excluded, we can now prove that I CI = 12M-A I is a special non-hyperelliptic system of genus 4. We will consider only the case when IM[ is non-special and leave the special case to the reader. So we let 12Ell and 12E21 be two elliptic pencils such that EIE2=I and IMI=IE~+E2[. Finally, if ICI --12E~ + E2 + RI (respectively 13E + 2R ~ + R21) is a special nonhyperelliptic system of type 2) (respectively 3)) with E2=R+A (respectively Et=R2+A) for some effective divisor A, one shows as before that A is a fundamental cycle of Nu where IM[= lEt +E21 (respectively 12E1 +R +Ksl ) and ]2M-AI = ICI. This concludes the proof.
(5.4.3) We let (IM, A) be a pencil IMI of genus 2 together with a fundamental cycle A of N~t on S.
We assume that (IMI, A) is not of the form (12E+R+Ksl, R) for an elliptic pencil ]2El and a nodal curve R with ER = 1. We obtain a commutative diagram
where S~Q is the map defined by [2MI, S-~ is the map defined by [2M-AJ and Q~ is the projection from the contracted image of A on Q. The branch locus of S--*ff is composed of the singular locus of ~f and a curve B~IO~(2)[ which does not intersect the singular locus of ~ and which has admissible singularities.
Conversely, the minimal desingularization of the double cover of a cubic surface ~f = ~ branched along the singular locus of ~i and a curve B as described above is an Enriques surface S together with a special non-hyperelliptic system of type i whose associated morphism is the covering map S~ff ([Co 1, Sect. 7]).
We obtain a new characterization of'nodal Enriques surfaces.
Theorem 5.4.3. An Enriques surface is a nodal if and only if it admits a morphism of degree two onto a cubic surface in p3.
Proof. Assume that S is an Enriques surface together with a morphism f: S--,~ of degree two onto a cubic surface. Then f is the map associated to a special nonhyperelliptic system of genus 4, [Co 1], hence S is nodal. Conversely, assume that S is a nodal surface. In view of the preceding discussion it is enough to show that S contains a pencil IMI of genus 2 and a nodal curve R o ~ NM such that (IMI, R0) is not of the form (12E + Ro + Ks [, Ro) for an elliptic pencil 12El with ER o = 1.
By Theorem 4.1, we can choose an elliptic pencil 12El and a nodal curve R such that ER = 1. The Remark following Proposition 3.4 allows us to choose another elliptic pencil I2FI with EF = 1, FR = 0. Using Theorem 3.3, we see that one of the following holds:
i) There exists an elliptic pencil 12GI such that GE = GF = 1, GR = O. ii) There exist two chains of nodal curves Rt+...+Rp, Rv+~+... +/~8 (1 __< p _~ 8) with Rp = R and intersection graph: In case i), we take ([Mt, Ro) to be equal to (IF + GI, R). In case ii), we take (}M}, Ro) to be equal to (12E+Rp+KsI, R1) if p>_3 and ([2E+Rr+KsI, Rp+2) ii) An isomorphism between two P-marked Enriques surfaces (S, ICI) and (S', IC't) is an isomorphism f: S~S" such that f*Os,(C')= Os(C).
We let Ui be the open set of I~e,(2)l of curves with admissibles singularities which do not intersect the singular locus of cg i. Then Us lies in the set of stable points for the natural action of the automorphism group Aut*g~ of cg~ on 1r
We let ~ = U.dAut cg~. Then #81 = (respectively ~2, ~s) is an algebraic variety of dimension 9 (respectively 8, 7). The generic point of ~i corresponds to a smooth curve of genus 4 together with a non-trivial point of order 2 whose associated symmetric cubic is isomorphic to cg i (see [Ca] for the construction of the symmetric cubic associated to a point of order 2 on a smooth curve of genus 4).
~i parametrizes the set of isomorphism classes of Cgcmarked Enriques surfaces. Assume ~=IE and let D/F be the period space for Enriques surfaces constructed by Horikawa [Ho] . There is a forgetful map which to a Cg-marked Enriques surface (S, ICI) associates the period of S. Since an Enriques surface admits a %marking if and only if it is of special type, the image of P is the irreducible variety of dimension 9 parametrizing the periods of Enriques surfaces of special type (or equivalently the periods of nodal Enriques surfaces).
Remark. The structure of the map @t~D/F is related to the structure of the automorphism groups of nodal Enriques surfaces. We hope to come back to this question in a paper with I. Dolgachev. It was proved in [Co 1, Sect. 6] that f is a morphism of degree one onto a surface of degree 10 in ps. So we only need to check that f(S) is normal. The normality of f(S) implies that f factors through Sc and Zariski's main theorem implies that Sc is isomorphic to f(S).
The idea of the proof will be to combine the following two lemmas:
Lemma 5.5. Since EC = 3, we get MC = 7, FC = 0, M 2 = 4. Assume that IMI is hyperelliptic and let el, e2 be two effective divisors such that ere2 = 1, e z = 0, e 2 = 0,.IMI = 12el + eel. Then
is absurd. Therefore, [M[ is not hypereUiptic and EC = 3 implies that EM = 2 or 3. Assume EM = 3. Then ICI = IE + MI by Riemann-Roch. This is case i). Assume EM=2. Then EF= 1, MF= 1, F2= -2, and FC=O. Choose some nodal curves R~ and Rp ofF such that ER~ =MRp= 1. There is a chain of nodal curves of F, say R~ + ... +Rp, connecting R~ to Rp. Riemann-Roch theorem implies that dimlE+Rl+... +Rp+MI=5 hence F=R~+ ... +Rj, and we are in case ii) .
(5.5.3) Proof of Theorem 5.5
Step 1 (keeping the notations of 5.5.2). i) Let D be an effective divisor with D ~ = -2, DM=O. Then DC<2. ii) Let R be a nodal curve such that RC = 2. Then f restricted to R is of degree one onto a conic. Step 2. ~ is injective.
Proof. It is immediate to check that Hi(S, t~s(C-E)) = O. This gives a short exact sequence
H~ Os( C))-* H~ OE( C))~O .
Since EC = 3, it follows that ~ restricted to O(E) is an isomorphism onto a plane cubic.
Assume that x and y are too distinct closed points of S not on a same The other cases DC = 1 and DC = 2, n = 2 is handled similarly.
Step 3. Let p be a dosed point of S such that there exists a curve R ~ N n such that p e R but there exists no curve R' ~ Nc with p e R'. Then f(p) is a smooth point of f(S).
Proof. Step 4. Let p be a dosed point of S which does not belong to any curve of Nc.
Assume that f(p) is a singular point off(S). Then the generic member of IC-pE is smooth.
Proof. By Lemma 5.5.1 and Step 3, we can assume that p e E + E', say p e E. Since IM[ has no base-points, the multiplicity off(S) at f(p) is the multiplicity off(E) at f(p). Since f(E) is a plane cubic image of a divisor of type An, this multiplicity is equal to 2. Clearly f(S) will be smooth in codimension one. It follows that the generic member of I C-Pl is smooth outsiae p. Otherwise, a generic 2-dimensional linear system ofhyperplane through f(p) would define an inseparable cover of~ 2 of degree degf(X)-2 = 8, contradicting char(k) 4: 2.
Let us check that the generic member of IC-p[ is smooth at p. In both cases EM 4: 3, contradiction.
Step 5. (~ is an isomorphism.
Proof. One proves as in Lemma 5.3.5 of [Co 1] that f(Z) is a rational double point off(S) for every fundamental cycle Z of Nc. So it will be sufficient to check that f(p) does not belong to the singular locus of f(S) for every closed point p which does not belong to any curve ofNc. Ab absurdo, let p be a point which does not belong to any curve of Nc and such that f(p) is a singular point of f(S). By
Step 4, the generic member of IC-Pl is smooth. We can assume that the restriction g off to 7 is injective and that #(7) is smooth outside f(p). By assumption, the tangent map to # is not injective at p hence Ht(~, d~r(C-2p)) = H1 (),, d~(2p + Ks) ) 4: O.
Let qt, q2 e ~ be such that qt + q2 e It~r(2p + Ks)l. The fact that Id~r(C)l has no basepoints implies that qt 4:P, q2 4:P. The injectivity of g implies qt = q2. Then
Hi(?, 07(C-2qt)) ~-n~ d~,(2p + Ks)) 4:0 implies that g(),) is singular at f(qt)4:f(P) a contradiction. This concludes the proof of Theorem 5.5 bis.
